We demonstrate that one can meet numerous commercial requirements for filters used in dense wavelength-division multiplexing applications using quadruple Vernier racetrack resonators in the silicon-oninsulator platform. Experimental performance shows a ripple of 0.2 dB, an interstitial peak suppression of 39.7 dB, an adjacent channel isolation of 37.2 dB, an express channel isolation of 10.2 dB, and a free spectral range of 37.52 nm.
Introduction
The Vernier effect has been used extensively in the research community to expand the free spectral range (FSR) in ring resonators, and has been demonstrated both theoretically [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and experimentally [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Ideally, one would like a box-like drop port spectral response, which can be achieved using series-coupled ring resonators [22] . Increasing the number of seriescoupled rings, allows one to increase the clear window (channel bandwidth) and thus the data rate that the filter can handle. However, to date, no one has experimentally demonstrated the Vernier effect in more than three series-coupled rings and no one has experimentally shown whether series-coupled Vernier ring resonators can be used to meet typical commercial filter requirements. . However, ring resonators in cascaded configurations only exhibit the Vernier effect in the drop port response and not the through port response [11] . Yanagase et al. [22] have shown triple-ring resonators exhibiting the Vernier effect, where the coupling was done vertically and the material used for the waveguides was Ta 2 O 5 -SiO 2 . However, their devices show minimal IPS and their extended FSR was less than the span of the C-band. Also, they do not show the through port responses. Previously published research, both experimental and theoretical, show the benefit (FSR expansion) of using the Vernier effect within series-coupled ring resonators, as compared to the case where each resonator is identical, but minimal research has been done regarding meeting commercial requirements as regards to the IPS (see [3, 4, 10, 19] ). Here, we experimentally demonstrate that it is, in fact, possible to meet many commercial requirements when using quadruple SOI series-coupled racetrack resonators exhibiting the Vernier effect including the necessary IPS. The commercial requirements that are met are the drop port ripple (R depth ), the drop port adjacent channel isolation (A i ), the drop port non-adjacent channel isolation (nA i ), and the express channel isolation (EC i ). It should be noted that the EC i has the same definition as the through port channel extinction ratio and pass channel residual at express port. The IPS is similar to that of the nA i , however, since our device involves the Vernier effect there are multiple peaks between two dominant resonant peaks and, thus, it is important that the IPS meets the commercial specification for the nA i . The target specifications come from commercial dense wavelength-division multiplexing (DWDM) data sheets [29-31].
Theory
A schematic of our quadruple series-coupled racetrack resonators exhibiting the Vernier effect is shown in Fig. 1 which is similar to that found in [2] [3] [4] (same arrangement of the resonators but different resonator lengths, field transmission and coupling factors, and propagation loss). Here, L a , L b , L c , and L d are the total lengths of racetrack resonators a, b, c, and d, respectively. L y is the length of the straight coupling regions, r is the radius of the racetrack resonators, and L is the length of the straight sections (other than those in the coupling regions) for racetrack resonators c and d. α is the total field loss coefficient for the racetracks resonators. κ 1 , κ 2 , κ 3 , κ 4 , and κ 5 are the symmetric (real) point field coupling factors. t 1 , t 2 , t 3 , t 4 , and t 5 are the straight through (real) point field transmission factors. 
Fabrication results and discussion
The device was fabricated at the University of Washington using electron beam lithography, as described in [36] . Figures 3(a) and 3(b) show the experimental through port and drop port responses of one of our quadruple Vernier racetrack resonators. Figure 3(a) clearly shows significant IPS. The maximum through port insertion loss (IL thru ) [34] and the drop port insertion loss (IL drop ) [33] [34] [35] have not been included since we were unable to measure them accurately. The spectral characteristics meet numerous commercial requirements as shown in Table 2 . The EC i , R depth , and IPS are within 0.9 dB of the theoretical results. The experimental A i is 37.2 dB whereas the theoretical A i is 52.7 dB, which is likely due to the experimental filter line shape being asymmetric and to increased field coupling factors due to the bend regions of the couplers. To be able to simultaneously drop and add signals using just one instance of the device shown in Fig. 1 , the target values shown in Table 2 would be needed except that EC i would need to be greater than or equal to 25 dB [37] . Here, we have defined the IPS as the contrast between the minimum transmission within the clear window of the desired channel and the maximum transmission within the clear windows of all non-adjacent channels. However, it should be noted that in [19] , the IPS was defined as the difference (in dB) between the maximum value of a major peak and the maximum value of the largest interstitial peak. Based on this definition, our measured IPS would be 37.1 dB. The much larger notches within the pass band of the through port as compared to the theoretical results are possibly due to fabrication variations and coupling-induced frequency shifts (CIFS) [38, 39] , which can be corrected by thermally tuning each racetrack resonator [39] . However, the notches are not located within any of the adjacent or non-adjacent channels as shown in Figs. 3(c) and 3(d) . The passband of the through port to the left of the major peak shows that there are actually 4 notches (two small notches and two large notches) as shown in Fig. 3(c) . However, our theoretical results showed that there are only two small notches as shown in Fig. 2(a) . The likely reasons for this difference between the theory and experimental results are fabrication variations, in which the effective indices of the resonators are not all exactly the same, and CIFS. For example, if the effective index of racetrack resonator a is decreased by 0.003 (as shown in Fig. 3(e) ) each of the notches separates into 2 notches (one small and one large), where the larger notch is located to the right of the smaller notch (as shown in Fig. 3(f) ), which is in agreement with the experimental results. In addition to the device presented here, we fabricated 48 other devices in which the gap distances were varied. The device presented here showed the best performance. However, future designs based on this device can be made to be thermally tunable to compensate for fabrication variations and effects such as CIFS. 
Summary
In summary, we have experimentally shown that it is possible to meet numerous commercial requirements for dense wavelength-division multiplexing filters using quadruple series-coupled racetrack resonators exhibiting the Vernier effect. We have demonstrated a Vernier filter having a free spectral range greater than the span of the C-band (37.52 nm), a ripple of 0.2 dB, an adjacent channel isolation of 37.2 dB, an interstitial peak suppression of 39.7 dB, and an express channel isolation of 10.2 dB.
Appendices

Appendix: Quadruple series-coupled racetrack resonator transfer functions
Here, we will derive the drop port and through port transfer functions of quadruple seriescoupled racetrack resonators using Mason's rule [40] . In 
where 
There are 7 loop gains of the 7 possible combinations of 3 non-touching loops, 
There is 1 loop gain of the 1 possible combination of 4 non-touching loops, P 14 = P 11 P 21 P 31 P 41 .
The gain and co-factor of the first forward path that is used to determine the drop port transfer function is,
The determinant for the entire system is given by, Δ = 1−(P 11 + P 21 + P 31 + P 41 + P 51 + P 61 + P 71 + P 81 + P 91 + P 101 )+ (P 12 + P 22 + P 32 + P 42 + P 52 + P 62 + P 72 + P 82 + P 92 + P 102 + P 112 + P 122 + P 132 + P 142 + P 152 )− (P 13 + P 23 + P 33 + P 43 + P 53 + P 63 + P 73 ) + P 14 .
Thus, the transfer function for the drop port is given by [5] ,
